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Brown-Henneaux's Canonical Approach to 
Topologically Massive Gravity 



We analyze the symmetry realized asymptotically on the two dimensional boundary 
of AdS3 geometry in topologically massive gravity, which consists of the gravitational 
Chern-Simons term as well as the usual Einstein-Hilbert and negative cosmological con- 
stant terms. Our analysis is based on the conventional canonical method and proceeds 
along the line completely parallel to the original Brown and Hcnneaux's. In spite of 
the presence of the gravitational Chern-Simons term, it is confirmed by the canonical 
method that the boundary theory actually has the conformal symmetry satisfying the 
left and right moving Virasoro algebras. The central charges of the Virasoro algebras are 
computed explicitly and are shown to be left-right asymmetric due to the gravitational 
Chern-Simons term. It is also argued that the Cardy's formula for the BTZ black hole 
entropy capturing all higher derivative corrections agrees with the extended version of 
the Wald's entropy formula. The M5-brane system is illustrated as an application of the 
present calculation. 
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1 Introduction 



The three dimensional spacetime has been one of the interesting testing grounds to uncover 
quantum natures of gravity. Especially, the three dimensional gravity with negative cosmo- 
logical constant has been paid much attention, since this system admits a globally AdS3 
geometry as a vacuum [T], and the black hole solution of Bahados, Teitelboim and Zanelli 
(BTZ) [2] as excited states. Moreover, this system can equivalently be analyzed by mapping 
to gauge Chern-Simons action [3]. 

One of the interesting properties of the AdS3 geometry is that there exists an asymptotic 
symmetry at the boundary, described by two dimensional conformal field theory (CFT). 
By using a canonical formalism of the Einstein-Hilbert gravity, Brown and Henneaux [3] 
successfully constructed left- and right-moving Virasoro algebras at the boundary, which 
share a common nontrivial value for their central charges. 

The existence of the two dimensional CFT is inferred if we embed this system in M- 
theory [5J. The low energy limit of the M-theory is well described by eleven dimensional 
supergravity, and after compactification on Calabi-Yau (CY) 3-fold, it becomes five dimen- 
sional supergravity [6]. An M5-brane which wraps on four cycles in CY3 corresponds to a 
string-like black object in five dimensional supergravity, and after taking near horizon limit, 
the geometry becomes AdS3 x S 2 . The AdS3 geometry appears after the dimensional reduc- 
tion of S 2 part. On the other hand, the field theory on the M5-brane is well described by two 
dimensional CFT after reducing four dimensional part which wraps on four cycles in CY3. 
In this way we can understand AdS3/CFT2 correspondence via the M5-brane wrapping on 
the CY 3 U\BM- 

The three dimensional theory relevant to the M-theory includes both the gravitational 
Chern-Simons term and other matter fields containing higher derivative terms. Let us re- 
call in this connection that Saida and Soda [TO] have previously studied the higher deriva- 
tives without the Chern-Simons term. By applying frame transformation method they 
mapped the higher derivative action to the canonical Einstein-Hilbert one. In the case of 
BTZ black hole, this frame transformation just scales the original metric, and it becomes 
possible to calculate the modification of the Virasoro central charges by the simple scaling 
argument. Both left and right central charges scale in the same way and agree with each 
other, even if the higher derivative terms are included. 

In this paper, we generalize the work of ref. [TO] by including the gravitational Chern- 
Simons term. This cannot be dealt with by the simple scaling argument, and we need to 
consider the canonical formalism in a conventional way. It has been argued by Gupta and 
Sen in ref. [12] that the method of field redefinition and consistent truncation transforms the 
three dimensional gravity theory into the one consisting of only three terms: the Einstein- 
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Hilbert, the cosmological constant and the gravitational Chern-Simons terms. Such a three 
dimensional theory with negative cosmological constant is often referred to as topologically 
massive gravity (TMG) |X3|, HH] . The action is given by 

£tmg = : c "L / d 3 x (£ E h + £cs) , (1) 
C eh = V^g(r+^), (2) 



Cos = ^V^Ge IJK (T p IQ djT% P + \v p IQ ^ JR Y R KP ) . (3) 

The cosmological constant —2/£ 2 in £eh is negative and (5 is a coupling constant with the 
dimension of the length. The determinant of the three dimensional metric Gjj is denoted 
by G, the three dimensional Christoffel symbol is by T p jq and the capital letters P, I, Q 
etc. label the three dimensional space-time indices, t, r and <j>. Note also that e MNO is a 
covariantly constant tensor and \/—Ge MN is just a constant. 

Notice that ([3]) contains third derivative with respect to the time. The canonical formal- 
ism of such a system can be accomplished by using the Ostrogradsky method, where a new 
variable is introduced to reduce the number of the time derivative [15]. For the gravitational 
Chern-Simons term, it is convenient to employ the generalized version of it [161 [T7] . Then 
it is possible to define the Hamiltonian, and from its variation we can extract the global 
charges, such as a mass, an angular momentum and central charges in TMG. The asymp- 
totic symmetry in TMG is again described by the left and right moving Virasoro algebras, 
whose central charges are, however, not the same as we will show later. The central charges 
has been derived in previous literatures in several ways [SJ [TH| \T§\ I12|. 

The entropy of the black hole may be evaluated by using the Cardy's formula together 
with the modified values of the central charges. There is an important remark that the 
black hole entropy computed on the basis of the Cardy's formula should not be compared 
with the Wald's formula [20j in its original form which is applicable only for manifestly 
diffeomorphism invariant theories. The formula should be compared with the one given 
recently in refs. [19\ I21j. where a modification has been made so that one can include such a 
term as the Chern-Simons'. The agreement of both entropies are confirmed in our canonical 
formalism. 

The structure of our work is as follows. In Sec. [2] we present the modified version of the 
Wald's black hole entropy formula, paying a particular attention to higher derivative correc- 
tions including those of the Chern-Simons term. The framework of deriving the asymptotic 
symmetry is discussed in Sec. [3l The calculation of the Virasoro central charges in TMG is 
given in Sec. [U in the Ostrogradsky method which is adapted to the cases of higher deriva- 
tive terms. The mass and the angular momentum of the BTZ black hole is also discussed, 
including the effects due to the Chern-Simons term. In Sec. [5l we discuss all of the higher 
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derivative corrections and compare our black hole entropy formulas with the modified version 
of Wald's given in Sec. [2j Our calculation is shown to be useful in the application of M5 
system. Appendix [X] is devoted to a detailed discussion on the difference between gravita- 
tional and Lorentz Chern-Simons terms. Some of the calculational details are relegated to 
Appendix [Bj 



2 Most General Entropy Formula for BTZ Black Holes 

Before starting to discuss the canonical method and the CFT approach to the BTZ black 
hole, we here concentrate on the macroscopic treatment of black hole entropy a la Wald 
(See refs. |22J). We pay a particular attention to, and try to include the effects of higher 
derivative terms together with the Chern-Simons' in as general a way as possible. For such 
a purpose we begin with the following Lagrangian 
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IQ-kG n 



f(R IJ ,G I j) + ^ 



Here / is a generally covariant part and is supposed to contain all possible higher derivatives. 
In three dimensional spacetime, the Riemann and the Ricci tensors have both six components 
and are related by the formula R ij kl = ^G^ 1 (k^ J ^ L) ~ RG^ 1 (kG j ^ iy Therefore, / is 
assumed to be a functional of the Ricci tensor and the metric only. Note that the negative 
cosmological constant in Q is denoted by —2jl\. 

The action @ is diffeomorphism invariant up to the total derivatives. Due to the grav- 
itational Chern-Simons term and other higher derivative terms, the Einstein equation is 
modified as 

\g ij (/ + 1) + ^ + T/J = ^ KL{IV «<- ^ 

Here we denote 

T IJ = ~ {V K V I P KJ + V K V J P IK - UP IJ - G IJ V K V L P KL ) , P IJ = (6) 

T>i is the usual covariant derivative. 

Various solutions to ([5]) would be possible, but it is known that the AdS3 geometry 
satisfying 

Ig ij (r + ^]-R ij = (7) 



2 

with some constant £ is certainly a solution to ([5]). This can be seen by the following 
argument. If (|7j) is satisfied, then the scalar curvature is just a constant (R = —Q/£ 2 ) and 
the metric and the Ricci tensors are proportional (R u = -2Gu/£ 2 ). We can see that dU) 
and the right-hand-side of © vanish. Eq. ([5]) turns out to be a relation that fixes i as 
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a function of £q. This may be regarded as an "effective" cosmological constant due to the 
higher derivative termjj- 

The vacuum solution to ([7]) is the global AdS geometry with the radius t 



r 2 \ o / r 2 



ds 2 = - I 1 + — 1 dt l + dr z + r z d4> z . (8) 

As an excited state the BTZ black hole solution [2] 

ds 2 = -N 2 dt 2 + N~ 2 dr 2 + r 2 {d^ + N^dt) 2 , 
N z = (r)\(^Ei) 2 _ 8GNm , N * = ^l, ( 9) 



is also allowed, which preserves the local AdS3 symmetry and is constructed by global iden- 
tification of independent points on ([8j). In the Einstein-Hilbert gravity with negative cos- 
mological constant, parameters m and j correspond to the mass and angular momentum of 
the BTZ black hole. In general, however, the definition of the mass and angular momentum 
must be changed by taking into account of other higher derivative terms. As we will see ex- 
plicitly in Sec. [3] in the canonical formalism, the effective mass M and the effective angular 
momentum J of the BTZ black hole ([9]) are represented by linear combinations of m and j 
when the Chern-Simons term is present. 

It is well known that the Bekenstein-Hawking's area law for the black hole entropy is mod- 
ified by Wald's entropy formula for general covariant theories which include higher derivative 
terms |20| . In those theories, however, which are not manifestly invariant under the diffeo- 
morphism, that formula cannot be applied directly and must be modified. The extended 
Noether method including the contribution of the non-covariant terms was discussed in |21| . 
In general, the non-covariant terms such as the gravitational Chern-Simons term, which is 
one of the higher derivative terms, modify the Noether charge in a slightly different fashion 
from Wald's formula. As a result, the black hole entropy receives the higher derivative correc- 
tion further. In practice we have to determine the corrections to the Wald's entropy formula 
on a case-by-case basis. For the gravitational Chern-Simons term in three dimensions the 
additional correction A5 to the entropy is found to be 



AS 



■ / s J I T I JK dx K . (10) 
Jh 



Here e IJ is a binormal vector on the horizon H. The equivalent results for the three dimen- 
sional gravitational Chern-Simons term were obtained by several others |X9(, I18j. 

With the help of this, the full entropy of the BTZ black hole are, therefore, calculated as 



5 Throughout this paper, the effective cosmological constant —2/£' 2 always appears in the solutions. 
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follows: 



d0VG^ 7 ^—G JL e IJ e KL + J r - J> d^e JI T IJq .. 



8Gn J r+ 9Rik 4Gat 

^ (ID 



2Gn 2Gn£ 
where the conformal factor f2 is defined by 

This Vt is just a constant for the BTZ black hole solution Q, and f2 = 1 for the Einstein- 
Hilbert action. By substituting explicit values of r± = yj2G^t{pm + j) ± ^/2G^t(Jim — j) 
into (jlip . we finally obtain the entropy formula 




S = l^{[^+^)\\ 2 GNi 2 (^m + ^ + (^-^^2G N l 2 (^m-^ J. (13) 

This is the macroscopic entropy including all higher derivative corrections in three dimen- 
sions. In the present paper we consider only the parameter region of M > (3 > just for 
simplicity. The situation where O < or (5 > Vti has been discussed in \22\ . In the following 
sections, by generalizing the original Brown-Henneaux's canonical approach, we shall show 
that the expression (|13p is in perfect agreement with the Cardy's formula for the CFT on 
the two dimensional boundary. 



3 Hamiltonian Formalism and Virasoro Algebras 

As long as the BTZ black holes are concerned, our analyses of the asymptotic symmetry 
associated with ([1]) will go along a line quite parallel to those in ref. [1] where only the 
Einstein-Hilbert action is considered. It is therefore convenient to summarize key ingredients 
of Brown and Henneaux's work which are not altered when we take the Chern-Simons term 
into our consideration. 

First of all let us specify the boundary conditions so that field configurations behave as 
"asymptotically AdSs". We require that the metric should behave at the spatial infinity 
r — > oo as 

G u = ~ + 0{1) , G tr = 0(r- 3 ) , G^ = 0(1), 

G rr = ^ + 0(r- 4 ) , G r0 = O(r" 3 ) , G H = r 2 + 0(1), (14) 
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which is in accordance with the behavior in ([5]) and Q. The vector fields (£°,£ r ,£^) that 
transform the metric while preserving the boundary conditions (|14p are not strongly re- 
stricted but are allowed to be a general class of functions. In fact, by using the coordinates 
of = j ± (f), the n-th Fourier component of the vector fields is given by 

f = i e *^(i_^), e = -i^ nx ^ ^ = 4 e *^( 1 + ^)- (15) 

In this paper we call the above vector fields "Killing vectors" . For later use, we assign explicit 
notations for these Killing vectors: 

C± = f& = e*-* ( 9± - - , (ie) 

where <9± = \{ldt ± 3^). The algebraic structure of the symmetry is encoded in the Killing 
vector and in fact we can directly compute the commutation relations of these differential 
operators 

[£U±] = -i(m- n )£ +n , = 0(r~ 4 ). (17) 

This result clearly shows that the asymptotically AdS3 spacetime is endowed with the two 
dimensional conformal symmetry. 

In order to evaluate the central extension of the Virasoro algebras, we have to know the 
asymptotic behaviors of the canonical variables and we introduce the (2 + l)-dimensional 
decomposition of the three dimensional metric Gjj as 

GlJ =( ~ N2 + N * Nt M. (18) 

Here g^, (i, j = r, (p) is the two dimensional metric. The lapse and shift functions are denoted 
by N and N{, respectively. The Einstein-Hilbert action is rewritten as usual by 

£eh = VdN + Jr + K ij Kij - K 2 ^j , (19) 

where r is the scalar curvature made out of g^, and 

K H = ^(dij-ViNj-VjNi), (20) 
K = gVKij. (21) 

The dot over g^ means the t-derivative and T>i is the covariant derivative with respect to 
gij. The momentum variable tt 13 conjugate to g^ is given by it 13 = ^fgiK 13 — g l3 K) for the 
case of Einstein-Hilbert action, and the Hamiltonian Ti is the Legendre transform of £eh 5 
i.e., H = 7r lj gij - £ E h- 
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The Hamiltonian consists of the usual combination of the constraints together with ap- 
propriate surface term Q[£\, 

H[£] = J d 2 x [en + CHi) + Q[i\. (22) 

The added term Q[£\ must be determined so that it cancels the surface terms produced 
by the first term in (I22p under field variation and is a generator of the possible surface 
deformation [23] . The vector fields (£°,£ r ,£^) denote such allowed surface deformation and 
are related to the spacetime vector (£°,£ r , via 

f , = (JV£*, f + N r ?, + N+?). (23) 



The asymptotic behaviors (j!4H are now translated into those of the canonical variables as 

9rr = ^ + 0{r- A ) , g r ^ = 0(r- 3 ) , g u = r 2 + 0{\), (24) 

N = j + 0{r- 1 ) , N r = 0(r~ 1 ) , N^ = 0{r' 2 ). (25) 

The behaviors of the canonical conjugate variables are also derived with the help of (|2U|) . 
(d) and ([25]): 

7r rr = 0{r- 1 ) , 7r r * = 0(r- 2 ) , TT** = 0(r~ 5 ). (26) 



It has been known that conditions (|24p . ()25[) and (|26p are preserved under the Hamiltonian 
evolution provided that we impose the Hamiltonian constraints. The generator Q[£] in (|22|) 
is found by taking into account the asymptotic behaviors of the canonical variables up to a 
constant term, which is adjusted so that the charge Q[£\ vanishes for the globally AdS space. 

The algebraic structure of symmetric transformation group is given by the Poisson bracket 
algebra of Hamiltonian generator H [£]: 

{H[$,H[r l }} P = H[[Z,r l }\+K[Z,r l }, (27) 

where K[£, rj] is the possible central extension. The central charge may be evaluated by noting 
that the Dirac bracket Q[??]}d is the change of Q[£] under the surface deformation 

due to Q[rj], i.e., ^Q[^] = {Q[C]> QWId- The charge Q[£\ forms a confer mal group with 
a central extension {Q[£], Q[?7]}rj = ^[[C) 7 ?]] +-^[£> ? ?]> an d we immediately get = 
Qfld 7 /]] + KyiiV]- Since Q = if we set the initial condition so that the charge 
vanishes for a globally AdS space, the evaluation of the central charge reduces to 

K[£,ri\ =6 v Q[d]. (28) 
In the case of Einstein-Hilbert action, the explicit form is given by 

'^gS» kr {ev k 5 n gij - + 2£V' r <S^ + 2& V" - f 7r% ffii l , (29) 
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where S 13 is defined by 

gijkt = l (ykgjl gilgjk _ 2g i jg k^ (30) 

(Derivation of the above equations will be explained in the case of TMG in Sec. HI) 

Putting the Killing vectors (|16p for £, we define the Virasoro generators by = Q[^]. 
Replacing the Dirac brackets by a commutator ({,}d — ► — *[,]), the commutation relations 
become 

[il. L+) = {m- n)L+ +n + ^|m(m 2 - l)5 m+nfi , 
[L m , L~] = (m - n)L~ +n + ^m(m 2 - l)S m+n>0 , 
[L+,L-] = 0, (31) 

and the central charges have been calculated in [1] as 

3£ 

cl = cr = —-. (32) 

Once we get the central charges, it is straightforward to obtain the BTZ black hole entropy 
by using the Cardy's formula 



2Gn 



* ' 2GkP („ ! + + ^ 2G ^(,„-0. (33) 



Here are the eigenvalues of and are related to the mass m and angular momentum j 
of the black hole by the formulae Lq + Lq = ml and Lq — Lq = j. 

In Sec. [2] we have seen that even in the presence of higher derivative interactions, ([8j) 
and ([9]) are still solutions to the equations of motion with the effective cosmological constant 
—2/£ 2 . There occurs a phenomenon of rescaling of the charges due to the higher derivative 
terms, and in fact the first term in the entropy formula (jlip is rescaled by the factor 0, 
defined by (fT2"j) . The question that we would like to address ourselves here is what this 
rescaling phenomenon looks like in the CFT framework |10j . 

Let us start with the diffeomorphism invariant Lagrangian without the gravitational 
Chern-Simons term, 



f(R IJ ,G IJ ) + ^ 



(34) 



Higher derivative terms are again included in /. The important point is that the Lagrangian 
constructed out of the metric and the Ricci tensor is equivalent to the Einstein-Hilbert 



9 



Lagrangian with matter fields after the frame transformation [TT]. The metric G IJ in the 
Einstein frame is defined to be 



G 



1,1 



, , dC 
det 



dR 



KL 



and when BTZ solution (jSJ) is substituted into the above expression, we obtain 

Gu = n 2 G u . (36) 



The conformal factor Q is already defined in (|12p and becomes a constant here. This means 
that canonical variables are scaled like gij = £l 2 gij, N = QN, N l = N l and fr*- 2 = Q ir 13 . 
From these scaling rules, we find that the mass M, the angular momentum J and the central 
charges cl and cr, which are evaluated by using ([29]) . are multiplied by Q as 

3£ 

M = n m , J = nj, CL = c R = n-—. (37) 

ZLrN 

Then the eigenvalues of the Virasoro generators are also linearly scaled as = l(M£± J) = 
^ft(m£ ± j), and these considerations lead us to conclude that effects of higher derivative 
terms to the BTZ black hole are all summarized by the rescaling i.e., 



s = tk n f a " p (™ + 1) + tk n f GkP (™ - 1) ■ (38) 

Of course this agrees with (|13p with (3 = |10j . We will come to this scaling rule again in 
Sec. [5] after establishing the canonical formalism and CFT description of the Chern-Simons 
term. 



4 Generalization to Topologically Massive Gravity 
4.1 Canonical Formalism of Charges in TMG 

In this section we investigate the canonical formalism of TMG with negative cosmological 
constant, and derive the expression of global charges in this system. From these global 
charges, we will confirm that the mass and the angular momentum of the BTZ black hole 
and the central charges of the boundary CFT are all modified in TMG. 

Let us apply the ADM decomposition to the Lagrangian of the topologically massive 
gravity. The action of TMG is given by (pQ), and the Einstein-Hilbert term with negative 
cosmological constant is decomposed as in (|19p . After straightforward but tedious calcula- 
tion, the gravitational Chern-Simons term can be decomposed up to total derivative terms 
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into [Ml E] 

^Ge IJK (T p IQ djT^ KP + \T p IQ TQj R T R KP 

^e mn \2K mk K n k + i x myl y nx ~ 2d k NV n K m k + 2V n d k NK m k 
+ NK y x d ml y nx - d m NK y x 7 y nx - NV m K y x i> nx 
- 2N i K i l V n K ml + 2V n N i K l l K ml + 2N i V n K i l K ml 
+ 2V k N l K ni K m k + V 3 N l d m7 j ni - P m D,iVV™} 
- 2^e mn K mk K n k + ^N{Ae mn V k V n K m k - 2A kl K kl } 

+ y/grfi - \^ n KlV n K ml - 2e mn V k {K ni K m k ) + ey^'r + 2V k A k ). (39) 

Here e mn is a covariantly constant antisymmetric tensor in two dimensions, and T>i is the 
covariant derivative. In the above, we used that the Riemann tensor in two dimensions is 
expressed by the scalar curvature as r l j mn = \(8 l m gj n — S l n gj m )r. A % i is a symmetric tensor 
which is defined by the following equation. 

J d 3 x^e m Pj l mnl n P l = ~ j <r'.r v Ti,\"; lir (40) 
The dot is used to represent time derivative dt- By defining 

T ijk _ l/rfc x(ixj) , xk x (i x j) _ Xkgligj)) (AY) 
± mno — 2 v rn u o u n ^ u n u o u m u o u m u n)i V 4 ^/ 

the time derivative of the affine connection is expressed as j l m n = g lo T^i k 'D k gij. After the 
partial integration in (|40p . A lJ is explicitly written as 



A ij = e m Pg lo T ^k oVkl n pi 

= \e kl V kl \i + \Sv kl k j - \Sv kl h k + (i <-> j) ■ (42) 

Since A lJ depends on the affine connection in an explicit way, it does not behave as a tensor. 
The derivation of (j39H is explained in Appendix |A] by focusing on the difference from Lorentz 
Chern-Simons terrd_|. 

The explicit form of the extrinsic curvature is given by (I20p . Then (|39p contains third 
derivatives with respect to time. It is known that the canonical formalism of such system 
is done by using Ostrogradsky method |15j in which Lagrange multiplier is introduced. For 
instance, if there is a Lagrangian C(g,g,g), then we define C*(g, g,h,h,v) = C(g,h,h) + 
v(g — h) and construct the Hamiltonian in the usual way. In the case of TMG , it is useful to 
apply modified version of Ostrogradsky method as discussed in ref. |16l I17j . In the modified 
Ostrogradsky method, the extrinsic curvature is dealt with an independent variable. At the 



3 The notations employed here are slightly different from those in ref. [241 117] . 
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same time, Lagrange multiplier should be introduced to give a proper constraint. Following 
this prescription, the Lagrangian of the TMG is given by 



£tmg = -Ceh + £cs 

2 



= ^N(r +p+ K l iK l3 - K 2 ) + ,■■■>(<,;, - 2NK ij - 2V i N j ) 
(3^e mn K mk K n k + (3^N(2e mn V k V n K m k - A kl K kl ) 

(3^N l { - 2e mn K/V n K ml - e mn V k (K m K m k ) + X -^&v + V k A t k }. (43) 



+ , 
+ 



Canonical variables in this Lagrangian are gij, gij, and Kij, and N, N l and v l i are 
Lagrange multipliers. Note that Vij, which is not a tensor, is symmetric under the exchange 
of indices. 

By using this Lagrangian, we can construct the Hamiltonian in the canonical procedure. 
As usual, momenta conjugate to g^ and are defined as 

a _ &£tmg a 



$9: 

<5£tmg , ,i, 



n y = — 4^ = /V5e «K k >. (44) 
oKij 

Note that not tt^ and but g^^ir^ and g^^W^ do behave like tensors. From the second 
equation, we see that ILj and are not independent and the system is constrained. Again, 
such a kind of the constraint should be taken into account by introducing Lagrange multiplier 
in the Hamiltonian formalism. Up to total derivative terms, the Hamiltonian of TMG is 
expressed as 

Wtmg 

= tt% + IT* - £tmg + .Mil" - (3^e lk Kj) 

= V9N{ ~r-^- K kl K kl + K 2 - 2(3e mn V k V n K m k + (2g~\^ kl + (3A kl )K kl } 

+ ^gN i {2/3e mn K i l V n K ml + (3e mn V k {K ni K m k ) - \faj&r - Vj(2g-^ + 0AJ)} 
+ fij{U^-^e ik K k ^), (45) 

where fij is the Lagrange multiplier. The validity of this Hamiltonian will be confirmed by 
explicitly deriving the equations of motion in TMG. In fact we will show below that a part 
of the equations of motion matches with the one obtained from the Lagrangian formalism in 
three dimensions. 

Let us consider the variation of the Hamiltonian by fluctuating g^, 7r lJ , K^, H lJ , N, N l 
and fij. The variation of the Hamiltonian contains total derivative terms. Though those 
terms are very important to define charges, we neglect them for a while to make the argument 
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as simple as possible. Then up to total derivative terms, the variation of the Hamiltonian 
under the fluctuations of N, N 1 and is calculated as 

S(N,N\f i j)'HTMG 

= 5N^{ ~ r ~%- KklR ki + K 2 - 2[3e mn V k V n K m k + (2g~h kl + (3A kl )K kl ] 

+ 5N i ^{2l3e mn K i l V n K ml + 0e mn V k (K ni K m k ) - ^e^r - Pj-(2<T W + /W)} 
+ 5f ij {lJ i i -f3^ge ik K k i}. (46) 

From this we see that the canonical variables are constrained like 

- r - | - K kl K kl + K 2 - 2[3e mn V k V n Kj + (2<T*7r JU + (3A kl )K kl = 0, (47) 

2(3e mn K i l V n K ml + (3e mn V k {K ni K m k ) - ^e^r - V, (2(T W + /W) = 0, (48) 
U ij -p^ Kk j = Q (49) 

Note that neither g~^n^ nor behaves like tensors. The linear combination of {2g~^ / n %: > + 
(3 A 13 ), however, does behave as a tensor. 

Next, up to total derivative terms, the variation of the Hamiltonian under the fluctuations 
of gij, Kij, 7r l j and IP- 7 is calculated as 

^(g i j,i<r i j,7r«,n«)^TMG 

= 5^\2NKij + 22^} + <SD?{/y} + + A^} 

+ ^Vp{^(r ij - \g ij r - ^g ij ) + 2N(K ik K^ k - KK*) - ^Ng i3 (K kl K kl - K 2 ) 

- (V { V j N - g ij V k V k N) + (2g-^-K k{l + [5A k ^)V k N^ - ^D k (N k (2g-h ij + f3A ij )) 
+ 2pe mn NV l V n K m i - 20e mn N k K k i V n Kj + 2pe mn g kl T^ l V z {N KJ>K mk ) 

- 2Pe mn g kl g°PV z { - V k NK mo T% + NV K ml T^ p + 2NT> n K o(l T^ kp ) 

- Pe mn N k V*(K nk KJ) + 2Pe mn g^ k g lo V z {NPK mk K l{p T^ qo + N*>K np K l(k T%* qo ) 

- lf3e mn dlN^d n r - ^f3e mn V n N m r^ + ^e mn S^ kl V k V t V n N m ] (50) 
+ 6K iiy /g{ - 2NK ij + 2Ng ij K - 2(3e ik V k V j N + N(2g-^7v ij + 0A ij ) + 2(3e mn N i V n K m j 

- 2(3e ik V k (N l K l i) + 0e ik V^K k l - 0e ik V^N l K lk + f3e ik f k ^. 

Here has been defined by (|30p . Note that is a function of 5^ and 5A kl depends 
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linearly on Sg^j. From this, equations of motion for canonical variables are written as 

g ij =2NK ij + 2V {i N j) , (51) 
K{j = fij, (52) 

*** = -Va{N(rV _ X _ g n r _ + 2N(K ik Kl k - KK**) - ^Ng^{K kl K kl - K 2 ) 

- (TPTPN - g ij V k V k N) + (2g-^ k ^ + (3A k ^)V k N^ - -V k (N k (2g-^ir ij + 0A^)) 
+ 2(3e mn NV i V n Kj - 2{5e mn N k K k i V n Kj + 2(5e mn g kl T i ^ l V z {N°KJ'K mk ) 



2(3e mn g kl g°PV z (- V k NK mo T% + NV K ml T^ + 2NV n K o{l T%) 



nip ' ° ™ knp ' n o(t m)kp) 

)qo ^ ^np^l^k^ m)qo) 



- (3e mn N k V\K nk K m i) + 20e mn g« k g lo V Z {N? K mk K^Tf qo + K np K l{k T^ qo ) 

- ±(3e mn 5 l m NJd n r - ^ee mn V n N m r^ + i/?e m " S^ kl V k V{D n N m (53) 

- ^^^(^^'^7^ + rt ,r ^fc7%2^ - zg op g qr g X yV k i l q{ pTf zr 

- g°Vg l W k V z g xy TH k q + g^g lr V k g xyl \ p T% k - 2g°Pg" r V k g xyl l q(p Tf zr )}, 
tl ij = -^<?{ - 2NK ij + 2Ng ij K - 2f5e ik V k V j N + N(2g-K ij + fiA^) + 2(3e mn N i V n Kj 

- 2(3e lk V k (N l K l i) + ^ k V x WK k l - 0e ik WN l K lk + (ie ik f k ^. (54) 



Note that (J5TJ) is used in (|53j) . 

Let us confirm that a part of equations of motion matches with the equation 

Eab = Rab - ^ri AB R - ^ VA b + (3D c R D{A e B) CD = 0, (55) 

which is directly derived by the Lagrangian formalism in three dimensions. Note that the 
indices A, B, ■ ■ ■ are used for three dimensional local Lorentz frame. The covariant derivative 
Dq, which is defined by a spin connection, acts on the local Lorentz indices. By contracting 
([54"}) with Kij and using (|4T|) and ([4*9]) . it is possible to derive 



= -i3^ k Kij{gi l 'K kl ) + 2NK i:j K ij - 2NK 2 + 2/3e ik K ij V k V j N 
-N(r + ^ + K kl K kl — K 2 + 2f3e mn V k V n K m k ) 
- 2[3e mn K lJ N i V n Kj + 2f3e lk K l] V k (N l K l i) - (3e ik K^W ' K k l 
+ (3e lk K tj ViN l K lk - h ' 7 '7\', ; //' / /\'/,; 
= -N(r+^- K kl K kl + K 2 ) + (k ik K j k + K ik V,p k N 



- NV k V 3 K t k - N l K k {DjK k + K ik Vj (N 1 ^) + V k N l K ik K^ . (56) 

After tedious calculations, we see that the expression is equal to —2NEqq, where represents 
time direction in local Lorentz frame. This gives a consistency check that we are dealing 
with the correct Hamiltonian. 
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As mentioned before, the variations of the Hamiltonian (|46|) and (|5U|) are derived up 
to total derivative terms. Therefore in order to derive correct equations of motion, it is 
necessary to add surface term Q[£] to the Hamiltonian. By taking the two dimensional 
coordinates as (r, eft), the variation of the surface term 5Q[£] is given so as to cancel the total 
derivative terms in the variation of the Hamiltonian: 



+ &<5(27r ir + pgkA*) - 2f3^g-e mr V k fg kl 5K ml + 2(3Jge mn Z°V n (g rl 6K ml ) 

- 2p^e mr CKi l SK ml - P^e mn C(SK ni K m r + K ni 5K m r ) - 2^e mn g H eK mo 5 1 ° nl 

- 2^e™g kl g°P{ - V^K^T^ + t^K^T^ + 2eV n K o{l T% kp }5 9ij (57) 
+ 2p^e™e{K p K mk g kl r r i; i + g^g l ^K mk K l{o T^ qp + K no K l{k T% qp )}6 9ij 

+ ^e mn T^{V kUxy9 l ^; g - u xyl « np g ls Ti{ r s + 2u xyl l ^T^JSg^ 

- lPV9e mn T^ u ijg °PS 7 l np + X -f}J-ge™t m br . 



The index r which is not contracted represents the radial coordinate. Here we introduced 
u ij(0 = + and the vector £ = (£°,£ r ,£^) is related to a Killing vector £ = 

(£ t -,£ r i^) by (|23p . Since we are dealing with the Hamiltonian, the Killing vector should be 
£ = (1,0,0) and £ = (N, N r , N^). When we deal with the angular momentum, the Killing 
vector should be £ = (0, 0, 1) and £ = (0, 0, 1). We also call £ the Killing vector, since it does 
not make any confusion. The equation (|57p makes it possible to evaluate the mass and the 
angular momentum of the BTZ black hole, and the central charges in TMG. 

The charge Q[£] itself is obtained by integrating (|57j) over the canonical variables with 
reference to the background values g~ij, nij, Kij and (2ir tr + j3g^A ir ). The last two become 
zero at the boundary. (Consult Appendix [B] for explicit representations.) Then we are able 
to give an explicit form for Q[£]. 



The canonical variables in (£°,£ J ) should also be replaced by the background values. Thus 
the integrability condition for Q[£] is satisfied and 5Q[£] is <5-exact. Note that in order to 



5Q[£] 




d^jS^XeV^ - V k f5 giJ ) + f (2vr^ + 0g^A^)5 9ij - -f (2tt^ + f3g^A^)5g 



QIC] 



J d<p[^gS^ kr {eV k { gi] - 9ij ) - VkfiOij - 9ij)) 

+ C (2tf r + (3gUn( gij - ~ 9ij ) - \i\2^ + 0g*&)faj - ~ 9ij ) 

+ U^ n ' + ^A ir ) - 2(3 v ^e mr V k e~ g kl K ml + 2P^ n ^V n (g rl K ml ) 

+ \dVl~S l3kr {{^ n d m i n )V k ( mj - ~ 9ij ) - V k (^ n dM(9ij - 9ij))} • (58) 
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get this expression, we made use of K^j — > (r — > oo) and so on, so the terms in the last five 
lines in eq. (|57p are simply dropped. Note also that the integration constant in eq. (|58p is 
adjusted so that the charge is zero for (g^, 7^, K^j, 27r* r + (3g?- A %r ) = (gij,Trij,0, 0). Explicit 
calculations of several charges are done in the following subsection. 

4.2 Mass and Angular Momentum of BTZ Black Hole and Central Charges 
of CFT at the Boundary 



First let us evaluate the mass of the BTZ black hole in TMG by using (|57p . The BTZ black 
hole geometry @ still becomes a solution in TMG . This solution is invariant under the time 
translation and corresponding Killing vector £ near the boundary is written as 

e, = (N, N r ,N<t>) ~ 0, ^) . (59) 

In the background of BTZ black hole, two dimensional quantities which are needed to esti- 
mate the mass behave near the boundary as 

8G N m£ 4 4G N jl r(f> , 1 4Gjyj 

"for ^4 , &Kr* S(tT * + tf* A *) (60) 

It seems that there are many terms to be estimated in (|57p . Only a few terms, however, 
turn out to be non zero values. In fact, last six lines in (|57p should be zero, since 5r ~ 0, 
e mn d m N n = 0, Kij = and Uij{^) = gij = 0. Some of remaining terms also vanish and the 
mass is eventually calculated as 

= y^q^ d4>{i^s r ^{-eY H 5grr) + 2pv k e g kl 5K^} 

= m + £j. (61) 

For further details of the calculation the reader is referred to Appendix [B[ This correctly 
reproduces the result obtained by the other methods [25l [261 [271 [281 [29l El [191 [30] . The mass 
of the BTZ black hole in TMG is shifted by the angular momentum which is defined in the 
gravity theory with negative cosmological constant. 

The angular momentum of the BTZ black hole is also calculated in a similar way. The 
BTZ solution is invariant under the rotation along the <j> direction and corresponding Killing 
vector £ is written as 

= (0,0,1). (62) 
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Last five lines in ([57]) should be zero, since Sr ~ 0, K^ = and = 2V^^ = 0. The 

evaluation of remaining terms is not so laborious and the result becomes 



J 



1 



167rGjv 
1 

167rGjv 



SQ[£] 



J r=oo ^ ^ 



j + /3m. 



(63) 



Again, the angular momentum of the BTZ black hole in TMG is shifted by the mass which is 
defined in the gravity theory with negative cosmological constant [251 [26] [271 [28] 1291 [HI [T9 ] [30] . 

Finally let us evaluate the central charge in TMG . As discussed in Sec. [3] the dif- 
feomorphisms which do not alter the boundary condition are labelled by £^ in (| 16j) whose 
components are given by (|15p . By using those Killing vectors, we can deform the global 
AdS3 background G®j. Here we choose a Killing vector fj which corresponds to one of 
Then the metric is written as 



Gij = G° u + V I f)j + Vjfj I . 



(64) 



From the ADM decomposition of this metric, the lapse N, the shift vector N l and two 
dimensional metric gij are obtained, and further it is possible to calculate the extrinsic 
curvature Kij ~ — ^(PjiVj +T>jNi) or canonical variables such as tt 1 K When we evaluate 
the central charge, we need to substitute these quantities into ([57]) . Fortunately, since 5 v r, 
Kij and Uij{^) are zero at the leading order, the expression for the central charge is simplified 
as 

^gS^ kr (ev k 5 vgiJ - Vkfd^ij) + e (2n jr + 0glA^)8 v gij 

- ~f (2tt^ + 0g*A j )8 vgij + & v (2n ir + 0g^A ir ) 

- 2(3^e mr V k ^g kl 5 ri K ml + 2(3^e mn ^V n ( 9 rl 5 v K ml ) 
+ l0VgS ijkr ((e mn dUn)V k S vgij - V k (e mn dMS v gij) 

= J # [^ kr [ev k 5 ngi j - V k e6 vgi j) + & v (2ir ir + /3g*A ir ) (65) 
+ 2(3^e rm d k eg kl 5 v K ml + ^P^ kr {(e mn d m ^ n )V k 5 vgi j - V k (e mn d m ^ n )S v gij) . 

In the above, the Killing vector £ is constructed out of £ as before, and its asymptotic value 
should be chosen out of 



' 2 



(66) 
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Second equality is derived by substituting fluctuations of canonical variables. Those are 
summarized in Appendix [Bl 

Now we have prepared all tools which are necessary to calculate the central charge. The 
central charge for 77 = and £ = is evaluated as 



+ 



IGtG'v /- # {^° + ^£°K<7# + f£°<W + 2d r £°< ? '%i^} 
' :U f l + ^)m(m 2 -l)5 m ,. n . (67) 



167T 





12 2Gjv 

The second line just gives the contribution of Einstein-Hilbert term. The third line gives the 
modification. In a similar way the central charge for rj = £~ and £ = £m is evaluated as 

' ~ -Q[Z = U 



16ttG n 

/ # { - ^(±£° + d r £°)<^ - §k% 5 rr + 2d r £V'<^} 
Jr=oo 



16ttG n 
16nG N 

' ' M ( X - I V(m 2 - l)5 Wi _ n . (68) 



12 2Gtv 

Again the central charge is given by the sum of the Einstein-Hilbert part and the gravitational 
Chern-Simons part. Note, however, that the signs in front of the modifications are different. 
From a similar calculation, it is possible to check that 5 g+Q[£ = £~] = 0. If we call £+ left 
mover and £~ right one, the central charges are written as [H [181 02] 

CL = 2G^V + 1 

Thus via canonical formalism of topologically massive gravity, we have succeeded to realize 
the Virasoro algebras of left and right movers with different central charged- 



5 Central Charges with All Higher Derivative Corrections 
5.1 Final Expression of Central Charges 

We have by now established the canonical formalism and have got the Virasoro central 
charges (|69|) for TMG which consists of Einstein-Hilbert action with negative cosmological 
7 See ref. |31| in the case of Riemann-Cartan geometry. 
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constant and gravitational Chern-Simons terms. We are now in a position to generalize 
these results in order to encompass most general cases of higher derivative gravity. In the 
last paragraph of Sec. O we have seen that inclusion of all higher derivative corrections 
other than the gravitational Chern-Simons term requires us to multiply the central charges 
of Brown and Henneaux's by the conformal factor O [10] . Making use of this simple scaling 
rule, we get to the following final expression of the central charges for the left and right 
movers: 

«* = ^-(n-?V (to) 



2Gn 

We would like to emphasize that all of the effects due to higher order terms are included in 
the factors and (3. We also note that these central charges are obtained by constructing 
Virasoro algebras directly in the canonical method without referring to the Wald's formula 
or variations thereof. 

Furthermore, the definition of mass and angular momentum of BTZ black hole should 
necessarily be modified in the most general theory of gravity (jH). Combining the results of 
(f57|) . (foTj) and (|53"j) . the effective mass and the angular momentum become 

M = Om + 4i, J = Flj + (3m. (71) 
£ z 

From these, the zero modes Lq and Lq of Virasoro algebras for left and right movers are 
expressed as 

L+ = ±(M£ + J)=(n + fpJ±(rn£ + j), (72) 
L- = ~ (Ml - J) = (n - t\ \ {ml - j) . (73) 



Putting these together with (|70p into the Cardy's formula for counting the states in CFT, 
we obtain the entropy 



>' 2;t y/ ^c L L+ + 2tt J ~c R L 



2G 



N 



* ^ + 7)f G ^('" + + 2^( !! 




This agrees with the previous entropy formula (fT3l) obtained by the extended Wald's formula. 
For the BTZ black hole capturing the contributions of all higher derivative corrections, we 
have thus proved the agreement between the macroscopic entropy and the Cardy's entropy 
of microstate counting. 
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5.2 Realization in M-theory: M5 System 

In l5.ll we applied Brown-Henneaux's method to the three dimensional gravity theories with 
most general higher derivative terms, and derived the central charges of CFT at the bound- 
ary. The three dimensional theory of that sort is usually embedded in higher dimensional 
theories in the string theory context. Among several others, the most interesting example 
is embodied in M-theory, which is intriguing because the corresponding CFT is understood 
very clearly [5]. 

The M-theory is defined in eleven dimensions and its low energy limit is well described by 
eleven dimensional supergravity. When we compactify the eleven dimensional supergravity 
on CY3, it becomes five dimensional supergravity with eight supercharges. Beyond the 
low energy limit, the M-theory contains a lot of terms which correct eleven dimensional 
supergravity. Among subleading terms in the derivative expansion, there exists a would-be 
Chern-Simons term which is expressed as |32j 

2 ^2 3^ J A A tr(R A R) A tr(R A R), (75) 

where t v is the Planck length in eleven dimensions, 2«fi = (27r) 8 £p. A is a 3-form potential 
and the M5-brane is magnetically coupled to this field. The Chern-Simons term in five 
dimensions arises after reducing this term. In fact, by expanding the 3-form with a basis of 
harmonic (1, l)-forms J j in CY 3 as A = Stt 2 ^ 7 A Jj, we obtain [33] 

J A* A tr(RAR). (76) 

Here A 1 corresponds to gauge fields in five dimensions, and c 2 f = fcy 3 ^ ^ r (^ A R). 
In general, other curvature squared terms are also obtained by the dimensional reduction of 
R 4 terms in the M-theory. It is, however, complicated to work out all these terms, thus we 
employ the five dimensional conformal supergravity below. 

By applying the conformal supergravity approach, the action of the five dimensional 
supergravity theory concerned with R? terms has been constructed in ref. [M]. With this 
action together with an ansatz of AdS3 x S 2 geometry, we would like to identify the effective 
cosmological constant —2/£ 2 , the conformal factor Q and the coupling constant (3 in terms 
of topological quantities in CY3. Actually the three dimensional gravitational Chern-Simons 
term can be obtained by compactifying (|T6|) on S 2 . The central charges are also expressed 
by the CY3 data in the context of string theory. In passing note that similar calculations 
have been done in refs. [TJ [HJ [12]. 

In the following we employ notations used in ref. [12] . Assuming that the five dimensional 
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metric, gauge fields and 2-form auxiliary field v be given by 

d- s %) = ^Gijdx 1 dx J + x 2 d£f S 2, 



F H = ysin6», 

v 9 ^ = Vsm9, (77) 

we obtain the three dimensional supergravity with the curvature squared terms and gravita- 
tional Chern-Simons term. Here p 1 corresponds to the M5-brane charge. In order to realize 
the Einstein frame in three dimensions, we have to set 

,i X 2 /3 1. , c 9f M f c^mW 2 c 9f p i v\ , 



where M 1 stand for moduli scalars. Then the action becomes 

S = J d 3 xV^G (R + Zty) + A((f>)R 2 + B{<t>)RuR IJ ) + J d 3 x£ C s + S', (79) 

in the unit of IGttGn = 1. Here <j> stands generically for all scalars M 1 , V , D and x, and 
S' includes their derivative terms. The scalar potential and each coupling are given by 

m _ ^ h (» »\ _ 2 (D _ V*\ + M ,D + «£N + Z^JV + A-pV 



where 



vr\x 2 V4 4 7 V 4 XV \2 X 4 / X 4 §x 4 

c 2/ M 7 c 2i M 7 L> 2 c 2i p ! VD 5c 2 jM f V 2 c 2t p f V c 2l pW 3 c 2/ -M 7 V 4 1 
96x 4 + 288 + 144x 4 36x6 48x 6 + 36x 8 + 6X 1 J ' 

m = , BW) _ ?f^V , „ _ _£< (80) 

VW 6 192vn/> 3 192tt^ ' M 96vr ' V ; 

Af=~c m M 7 M^M* , A/} = ~CjjxM J , M„ = c 1Jk M*. (81) 

c /jif anc ^ c 2i are ^ ne triple intersection number and the second Chern class number of CY3, 
respectively. 

The action (|79p enables us to derive an equation of motion for the metric 
-G IJ {R + AR 2 + B{Rjj) 2 + Z}- R IJ - 2ARR IJ - 2BR IK R J K + T IJ 

= Pe KLiI V K R J L ] + (derivative terms of <f>), (82) 

and those for scalars 

d^Z + d^AR 2 + d^BiRu) 2 = (derivative terms of <j>). (83) 

It is, however, almost impossible for us to find general solutions to these equations. What 
we can do is to take all 4> to be constants everywhere and to assume that the BTZ black hole 
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which satisfies 0. It corresponds to the black ring solution whose geometry is AC1S3 x S 2 
in five dimension. By substituting ((TJ), equations of motion ([82]) and (f83j) reduce to 

2 



2 / 2 

Z=- + (3A + B) - 



fyZ + 3(3fyA + fyB)fl) = 0. 



(84) 



Since c 2 j indicates the higher derivative corrections in the next order, we can solve five 
equations ([84")) to the first order of c 2 j. The solutions are 



and 



4?r V 288 

where p 3 = \cjj£P I p J p K and C = c^p 1 /p 3 . On the other hand, the conformal factor Q for 
this solution is calculated as 

n(£) = 1 + 2AR + -BR 
3 

~ 1 - — . (87) 
288 v ; 

The assumption of constant scalars admits the BTZ black hole solution. Therefore, 
the Brown-Henneaux's approach explained in the previous sections can be applied to this 
solution, and we can prove the existence of the two dimensional CFT satisfying the Virasoro 
algebra on the AdS boundary. With the use of IGttGn = 1, = —c 2 jp I /96tt and the formula 
f0|) . the central charges of the left and right movers are given by 



, 1 t 
c L = 6p + -c 2i p , 

cr = 6p 3 + c^p 1 , 

in agreement with [TJ [H [35| I12j . In four dimensions, these central charges appear in 
expressions of the entropy for the extremal non-BPS and BPS black holes, respectively 
|36j . The precise information of the microstates for the CFT at the boundary is veiled in 
our formalism. Whatever the microstates may be, we can only see the Virasoro algebras 
and calculate their central charges. But as for the M5-brane system, the explanation for 
microstates was made clear in ref. [5] from the detailed description of the effective field 
theory on the brane. 
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6 Summary and Discussions 



In the present paper we have analyzed topologically massive gravity ([I]), using the conven- 
tional canonical formalism. Since there are higher derivative terms w.r.t. time, we made use 
of the generalized version of the Ostrogradsky method. We defined the global charges so as 
to cancel the surface terms of the variation of the Hamiltonian. Using these, we have derived 
the Virasoro algebras realized asymptotically at the boundary (r ~ oo), and found that the 
central charges are given by (|69p . which do not respect left-right symmetry. The mass and 
the angular momentum of the BTZ black hole are also computed including the effects due 
to the gravitational Chern-Simons term. 

We have gone one step further to argue that effects due to higher derivative terms can be 
included by employing the scaling argument. The central charges, the mass and the angular 
momentum in such a general class of higher derivative theories are given by (|70p and (|7ip . 
respectively. The BTZ black hole entropy is given by f|T4j) . which agrees with the formula 
given by using the modified Wald's formula. We have thus succeeded in strengthening the link 
between the two dimensional boundary CFT and the three dimensional gravity description 
of the black hole. As an interesting example, we considered the three dimensional model 
which are realized by compactifying the M-theory on CY3 x S 2 . The left-right asymmetric 
central charges are already given in ref. [5] from the microscopic viewpoint, and we confirmed 
that the result can exactly be reproduced in our formalism. The consideration from the 
representation of Virasoro algebras is also important as future works [37J. 

In this paper, we treated i and (3 as free parameters. From the analyses by CFT, 
however, it was pointed out that the three dimensional gravity theory could be realized so 
as to be consistent with unitarity and positivity only when t and (3 take some particular 
values 139^1 . It would be interesting if we could re-examine these observations from our 
canonical approach including the higher derivative contribution Q. Generalizations of our 
formalism to the supergravity or inclusion of other matter fields are also interesting future 
directions [4"0~1 |4"T] . 
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A ADM Decomposition of Gravitational Chern- Simons Term 



In this Appendix we give a quick summary of the ADM decomposition of the gravitational 
Chern-Simons term. First note that capital variables Gu, E A , T 1 jk and £l A BI are three 
dimensional metric, vielbein, affine connection and spin connection, respectively, and gtj, 
e a i , and ui a bi are two dimensional ones. As in the main body of the text, /,«/••• = 
i, r, (ft labels the three dimensional space-time indices and A,B ■ ■ ■ = 0, 1, 2 denotes the three 
dimensional local Lorentz indices. Also, small indices are of two dimensional: = r, (ft 

and a,b - ■ ■ = 1,2. 

For the purpose of the ADM decomposion of the gravitational Chern-Simons term ([3]), 
the simplest way is to divide £cs m to the Lorentz Chern-Simons and remaining terms. When 
we write the connection 1-form expressed by the matrix notation as T 1 j = T 1 jxdx K , the 
relation between the affine connection and the spin connection is 

r J j = E T A n A B E B j + E I A dE A J . (A.l) 

Note that T 1 j and Q A B are the connection 1-form but E A j is the 0-form vielbein. Omitting 
the indices like V = E^^-QE + E~ 1 dE, the gravitational Chern-Simons term is expressed by 

Tr (vdT + ^T 3 ^j = Tr (tlcM + ^O 3 ^ - ^Tr(<iE , £ , ~ 1 ) 3 - dT^dEE^VL). (A.2) 

We can drop the last term since it is just a total derivative. 
Let us define 



1 1 

K ab = —{e\ a e b) i-D {a N b) ) , L ab = —{e l [a e b]i - D [a N b] ), (A.3) 



where Di is the covariant derivative which acts on the local Lorentz indices like DiV a = 
diV a + u> a bi V b . Then the first term of ()A.2|) becomes 

n A B dn B A = 2n° a dn a + n a b dn b a 

= 2{-(8 a N + KabN^djK^ + dj(d a N + K a b N h )K ai + KajK^dt A dx l A dx j 
+W\d,(L b a N) - d 3 J ai L\N - u a bl u b a] }dt A dx l A dx\ (A.4) 

and the second term is 

Q^gQ^Q^lf^A ~ a ^l a fj^l^ Q 

= 3(2d a Nto a bi K b J - NK ai K b 3 L\ + K aj K\u\ c N c 

+2K ae K b j iu a bi N e )dt A dx l A dxK (A.5) 

If we use e tl i\/—G = e ij \[Q and the two dimensional identity r a ^ = re [j e & jp the Lorentz 
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Chern-Simons term can be written as 

Tr (ndn + j^ 3 ) * {4(d a N + k^n^d^ + 2K aj k a i - 

+(2K aj K b l + re\e a3 ){D b N a - e k b e\)}^d 3 x 
= {4(d t N + KikN k )T>iK l j + 2K\K kj + 2K kj K l i V l N k + rV^ 

-re aj e\ - u a bi u h > aj }^ d 3 x, (A.6) 

up to total derivative. K^j is of course the extrinsic curvature (|20p and T>i is the usual 
covariant derivative. 

On the other hand, one can check that the second term on the right hand side of (|A.2p 
becomes 

- ^(dEE- 1 ) 3 = -^(dEE~ 1 ) a b (dEE~ 1 ) b (.(dEE^Y a 

= e k b d i e b l e l c dje c k dt Adx 1 A dx j . (A.7) 

After some manipulation and neglecting the total derivative, the sum of the last lines in 
(|A.6|) and ()A.7|) becomes 

J d 3 x^(-re aj e a i - uj a u u b aj + ^e'M) 

= f d 3 x^g{-e m Vg l °T% k V kl n pl )g ij , (A.8) 
in which we used the definition (|4ip of Tfnno and 

■CfcT pi = °k7 pi + 7 kml pi - 7 fcp7 mi - 7 fci7 pm- (A.9) 

Defining A %3 by (|42f) . we can rewrite the last line of (|A.8P as 

- j d 3 x^g-A i 3g ij = - f d 3 x^A i \2NK ij + 2V i N j ) 



j d 3 x^g-{-2A lj NK ij + 2V i A ii N j ). (A.IO) 



In fact, the result of the central charge for the Virasoro algebra does not depend on whether 
we use the gravitational Chern-Simons or Lorentz Chern-Simons. As we have seen in Sec. HI 
this is due to the fact that the above terms involving A lJ have no contribution to the central 
charge calculation. To sum up, combination of all the terms calculated above leads us finally 
to the following expression: 

^Ge IJK {T p IQ djTQ KP + 2 -T p IQ TQ JR T R KP ) 

= ^[2e mn K mk K n k + N{4e mn V k V n K m k - 2A kl K kl ) 

+ N i {- Ae mn Ki l V n K ml - 2e mn V k (K ni K m k ) + g im e mn d n r + 2V k Ai k }] . (A.ll) 
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B Supplementary Calculations on Charges 



B.l Mass and angular momentum of BTZ black hole 

Let us consider the ADM decomposition of the BTZ black hole solution ([9]). From the 
canonical procedure, the lapse, the shift vector and the two dimensional metric are given by 

r AG^mi 
N = N + SN ~ , 

I r 

N r = N r + 5N r ~ + 0, 

= + 5N^ ~ + -—j^-, (B.12) 



9ij = 9ij + SQij ~ I r + r 

Or 2 / V 0, 



These are expanded around m = j = and the flucutuations are linearly dependent on m 
or j. From the metric gtj given in the above, nonzero components of the affine connection 
and S ljkl = \{g lk g jl + g d g jk - 2g lj g kl ) are evaluated as 

~ r — —- ~4> —}_ ~r _ _ 7 ^_ 

7 rr — > 7 rd> — > 7 66 — .91 
r r t z 

g66rr = -1 S^ r = (B.13) 

By using the equations of motion (|5ip and (|53p . the extrinsic curvature and the covariant 
combination of the momentum are calculated as 



Kij = Kij + 5Kij ~ 







c 


!)*( 












c 









(tt + ±ft/M)« = (if + + ^ + tfg*A) 



In order to derive these expressions, we dropped terms with time derivatives. 




(B.14) 



B.2 The central charges 

Let us consider the geometry constructed by Gu = G^j + T>if\j + Vjfji. Here G®j is the 
metric of global AdS3 and fjj represents some Killing vector. For 77 = £^ , the lapse, the shift 
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vector and the two dimensional metric behave asymptotically as 

i£n(n 2 



\£ 2tj 

£n 2 ■ + 

N r = N r + 5N r ~ — — e mx . 

r 



4r 



& 5 



= + SN* ~ ± 



i£n(n 2 



2r 2 



(B.15) 







r 2 



/_in£ 4 ^n 2 ^ 
n 2 ^ 4 in 3 1,2 



From the metric §ij given in the above, asymptotic behaviors of the affine connection and 
gijkl are evaluated as (|B.13|) . By using the equations of motion (|5ip and (|53p . the extrinsic 
curvature and the covariant combination of the momentum are calculated as 



Kij = Kij + 6 v Kij ~ 



o 1 

0, 



+ 



V 



2n 2 ^ 4 



± in(n 2 -\)l 2 

r 5 2p 
in(n 2 - \)l 2 n 2 (n 2 + l)l 2 



2r z 



V'./ 



'0 0' 
,0 0, 



+ 



/ n 2 (£^(3 + n 2 (£±(3)) 



V 



in(n 2 — 1)£ 



2r l 



,in(n 2 — 1)£ 
± 2? 
n 2 (±4l + /3(n 2 -l))l 2 
" 2? 



(B.16) 



It is useful to note that T> n (g rl 5 v K m i) is symmetric under the exchange of m and n, i.e., 



/ 6n 



2«2 



V n {g Tl 5 v K, 



ml) 



Jn(n 2 — 1) \ 
r 



, in(n 2 — 1) 



-n 



2 (n 2 + 2)/ 



(B.17) 



Other useful equations used in the text are : 

~g rl S v K^ ~ ±iin(n 2 - l)e m:c± , e«c^ 9 ~ ±^e* 



4e 



(B.18) 



References 

[1] S. Deser and R. Jackiw, Ann. Phys. 153 (1984) 405. 

[2] M. Bahados, C. Teitelboim and J. Zanelli, Phys. Rev. Letters. 69 (1992) 1849, 



|hep-th/ 9204099. 

[3] A. Achucarro and PK. Townsend, Phys. Lett. B180 (1986) 89. 
E. Witten, Nucl. Phys. B311 (1988) 46. 



[4] J.D. Brown and M. Henneaux, Commun. Math. Phys. 104 (1986) 207. 



27 



[5] J.M. Maldacena, A. Strominger and E. Witten, JHEP 9712 (1997) 002, |hep-th/9711053[ 

[6] A.C. Cadavid, A. Ceresole, R. D'Auria and S. Ferrara, Phys. Lett. B357 (1995) 76, 
|hep-th/9506144[ 



[7] P. Kraus and F. Larsen, JHEP 0509 (2005) 034, hep-th/0506176 



P. Kraus and F. Larsen, JHEP 0601 (2006) 022, hep-th/0508218 



[9] As a recent review see for example, P. Kraus, hep-th/0609074, 



[10] H. Saida and J. Soda, Phys. Lett. B471 (2000) 358, gr-qc/9909061 



[11] G. Magnano, M. Ferraris and M. Francaviglia, Gen. Rel. Grav. 19 (1987) 465. 

[12] R.K. Gupta and A. Sen, JHEP 0803 (2008) 015. HarXiv:0710.4177[ heD-th]. 

[13] S. Deser, R. Jackiw and S. Templeton, Phys. Rev. Letters 48 (1982) 975. 

[14] S. Deser, R. Jackiw and S. Templeton, Ann. Phys. 140 (1982) 372 [Erratum-ibid. 185 
(1988) 406]; Ann. Phys. 281 (2000) 409. 

[15] M.V. Ostrogradsky, Mem. Acad. ScL, St. Petersberg 6 (1850) 385. 

[16] I.L. Buchbinder and S.L. Lyahovich, Class. Quant. Grav. 4 (1987) 1487. 

[17] I.L. Buchbinder, S.L. Lyakhovich and V.A. Krykhtin, Class. Quant. Grav. 10 (1993) 
2083. 



[18] B. Sahoo and A. Sen, JHEP 0607 (2006) 008, hep-th/0601228 



[19] S.N. Solodukhin, Phys. Rev. D74 (2006) 024015, |hep-th/0509148 



[20] R.M. Wald, Phys. Rev. D48 (1993) R3427, gr-qc/9307038 



V. Iyer and R.M. Wald, Phys. Rev. D50 (1994) 846, gr-qc/9403028 , 



[21] Y. Tachikawa, Class. Quant. Grav. 24 (2007) 737, hep-th/0611141 



[22] M.-I. Park, Phys. Rev. D77 (2008) 026011, hep-th/0608165; Phys. Rev. D77 (2008) 



126012, |hep^th/0609027[ Class. Quant. Grav. 25 (2008) 135003, 1^X1x10705,4381 [hep- 
th]. 

[23] T. Regge and C. Teitelboim, Ann. Phys. 88 (1974) 286. 
[24] S. Deser and X. Xiang, Phys. Lett. B263 (1991) 39. 



28 



[25] K.A. Moussa, G. Clement and C. Leygnac, Class. Quant. Grav. 20 (2003) L277, 



gr-qc/0303042, 



[26] A. A. Garcia, F.W. Hehl, C. Heinicke and A. Macias, Phys. Rev. D67 (2003) 124016, 
|gr-qc/0302097[ 



[27] S. Deser and B. Tekin, Class. Quant. Grav. 20 (2003) L259, gr-qc/0307073 



[28] S. Deser, I. Kanik and B. Tekin, Class. Quant. Grav. 22 (2005) 3383, |gr-qc/0506057[ 



[29] S. Olmez, O. Sarioglu and B. Tekin, Class. Quant. Grav. 22 (2005) 4355, gr-qc/0507003 



[30] A. Bouchareb and G. Clement, Class. Quant. Grav. 24 (2007) 5581, larXiv:0706.0263l 
[gr-qc]. 

[31] M. Blagojevic and B. Cvetkovic, 'Trends in General Relativity and Quantum Cosmol- 



ogy'. Volume 2. (2006) 85, gr-qc/0412134 



[32] M.J. Duff, J.T. Liu and R. Minasian, Nucl. Phys. B452 (1995) 261, hep-th/9506126 



[33] I. Antoniadis, S. Ferrara, R. Minasian and K.S. Narain, Nucl. Phys. B507 (1997) 571, 



hep-th/9707013 



[34] K. Hanaki, K. Ohashi and Y. Tachikawa, Prog. Theor. Phys. 117 (2007) 533, 



hep-th/0611329 



[35] A. Castro, J.L. Davis, P. Kraus and F. Larsen, JHEP 0704 (2007) 091, hep-th/0702072 



[36] A. Dabholkar, A. Sen and S.P Trivedi, JHEP 0701 (2007) 096, hep-th/0611143 



[37] N. Yokoi and T. Nakatsu, Prog. Theor. Phys. 104 (2000) 439, hep-th/9912096 
[38] E. Witten, larXiv:0706.3359l [hep-th] 

[39] W. Li, W. Song and A. Strominger, JHEP 0804 (2008) 082. larXiv:0801.4566[ hep-th]. 

[40] S. Deser, "Cosmological Topological Supergravity" in Quantum Theory of Gravity, 
edited by S.M. Christensen, Adam Hilger, London, 1984. 

[41] M. Natsuume, T. Okamura and M. Sato, Phys. Rev. D61 (2000) 104005, 



|hep-th/ 9910105 



[42] S. Carlip, S. Deser, A. Waldron and D.K. Wise. larXiv:080ir3 998 [hep-th]. 
[43] D. Grumiller and N. Johansson, arXiv:0805.26T0l [hep-th]. 
[44] W. Li, W. Song and A. Strominger. [arXiv:0805.31QT1 [hep-th]. 



29 



